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In this paper a study of the performance of model reference adaptive control is presented in numerical sim-
ulations and verified experimentally on a single-degree-of-freedom system with the objective of understanding
how differences between the plant and the reference model affect the maximum control force and control effort
performance metrics. These performance metrics were found to be highly sensitive to differences between the plant
and the reference model. It was also found that when such differences exist, lowering the required performance
by reducing the required damping actually increases the maximum force and control effort for a single-degree-of-
freedom example. Optimization of weighting matrices is shown to help reduce the increases in these performance
metrics. However, the optimization results in a design that, for successful realization, requires a sampling frequency
40-80 times the Nyquist frequency.

Introduction

DURING the past decade, researchers have shown much interest
in control and identification of large space structures (LSSs).

Our inability to model these LSSs accurately has generated exten-
sive research into controllers capable of maintaining stability in
the presence of large structural uncertainties as well as changing
structural characteristics. Adaptive controllers are seen as one pos-
sible solution. Most of the research on adaptive controllers has been
theoretical in nature,1"5 and experimental verification6"9 is lagging
behind. In addition, the focus of most theoretical research has been
on designing stable adaptive controllers with little concern for the
issues of control effort.

In the present work we consider model reference adaptive control
(MRAC), which employs an idealized reference model and forces
the actual structure to behave like the reference model.1 Although it
is possible to design an adaptive controller based on a poor model of
a structure and still achieve stability and performance, apparently no
one has examined the effects on the required control effort. Previous
researchers2 have chosen the reference model to be a reduced model
of the actual structure with the same frequencies and mode shapes
and some additional damping. Whereas this would be the ideal sit-
uation, having an exact analytical model is not probable. Therefore
we have intentionally introduced differences between our reference
model and the actual plant (structure) model. The objectives of this
paper are to 1) study the performance of MRAC in numerical simu-
lations and verify experimentally how differences between the plant
and reference model affect the performance metrics, maximum con-
trol force, and total control effort and 2) minimize the effects of these
differences by optimizing the control design.

MRAC is applied, both numerically and experimentally, to a sim-
ple structural system that has a high-fidelity model, so differences
between the reference model and plant can be controlled and ad-
justed. Performance metrics are developed and monitored to deter-
mine the effects of differences on the maximum force and control
effort. To minimize the effects of differences on the performance
metrics, available weighting matrices are optimized. However, the
optimization is considered useful only if experimental results show
the same improvement trends.

Received Aug. 17,1992; revision received Oct. 4,1993; accepted for pub-
lication Jan. 10,1994. This paper is declared a work of the U.S. Government
and is not subject to copyright protection in the United States.

* Graduate Project Assistant, Department of Aerospace and Ocean Engi-
neering; currently Engineer/Scientist Specialist, McDonnell Douglas Aero-
space. Member AIAA.

* Christopher Kraft Professor, Department of Aerospace and Ocean Engi-
neering. Associate Fellow AIAA.

* Assistant Professor, Department of Mechanical Engineering. Member
AIAA.

This paper begins with a short review of the MRAC algorithm.
Next, control effort indices are defined, followed by a discussion of
steps taken in implementation of the integration algorithm to ensure
the simulation mimics the experiments. An example is introduced
and experimental and analytical results presented for reference mod-
els with varying amounts of error. Finally, the weighting matrices
used in MRAC are optimized to reduce the effects of error between
the reference model and the plant.

Model Reference Adaptive Control
MRAC is one of the more popular adaptive control methods1"8

that does not require system identification. In MRAC, controller
gains are adjusted so the actual system response becomes the re-
sponse of an ideal reference model. Because this reference model
can be of lower order than a model of the actual system, this method
is very attractive for application to LSSs, where structural models
can be of very high order and require truncation for use with prac-
tical controllers. Figure 1 shows a block diagram of a generalized
MRAC system.2

Problem Formulation
We consider the large class of linear, time-invariant stable systems

of the form

(la)

Yp(t) = CpXp(t)

It is assumed Ap and Bp are controllable, Ap and Cp are observ-
able, and the number of inputs Up is equal to the number of output
measurements Yp. A stable reference model is similarly described,

= CmXm(t)

(2a)

(2b)

The degree to which the actual plant response follows the reference
model response is measured by an error vector ey, defined as

where Ym and Yp are the output vectors of the reference model and
the plant, respectively. The objective of MRAC is to force ey to zero
asymptotically.

Adaptive Control Law
The MRAC law used in this paper is based on the work of

Sobel et al.1 and is summarized briefly here. The control input Up
is written as

Up(t) = K(t)r(t) (4)

975
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Adaptive Gain
Update

Fig. 1 Model reference adaptive control block diagram.2

where

rT _ r.r yT jjTr —\ey, Am , um (5a)

The adaptive laws for the gains KpT(t) and Kj(t) are given as

and the gain matrix K is composed of a proportional and an integral
component

(5b)

(6a)

(6b)

where T* and T are time-invariant weighting matrices of appro-
priate dimension chosen by the designer. Sufficient conditions for
global stability are presented by Sobel et al.1 and summarized by
Boussalis et al.10 For LSSs, sufficient requirements for stability are
nonzero inherent damping and collocated sensors and actuators. In
the present work MRAC was implemented with collocated velocity
sensors and force actuators.

Performance Metrics
In order to quantify increases or decreases in the performance

of MRAC when differences between the reference model and the
actual system exist, the following procedure was adopted. First, a
baseline linear model representing the actual system is chosen. Next,
a reference model is chosen with a specified amount of difference
from the baseline model. The effect of this difference on the control
effort is quantified by the following two performance metrics: 1) the
maximum control force required from each actuator (1, . . . , M),

and 2) the control effort (CE),

CE = UTUdt

i = 1 , . . . ,M (7)

(8)

Here CE is the traditional measure of control cost related to energy
consumption; t/max is a more hardware-related measure that may
indicate voltage, power, or actuator force requirements.

Correlating Experiment and Simulation
To accurately model the exchange of force and velocity infor-

mation between the digital controller and the actual structure, inte-
gration of reference model equations [Eqs. (2a) and (2b)] and gain
equations [Eq. (6b)] was uncoupled from integration of the actual
structure equations [Eqs. (la) and (lb)]. While integration of the
two sets of equations must be uncoupled, their responses are highly
coupled through exchange of velocity input and force output in-
formation. To ensure this exchange of information was modeled
correctly, the following steps were taken in the simulation:

Step LAtt = t$ velocities of both the reference model and actual
plant are stored, and used in Eqs. (3-6), to calculate control forces
Up[to\.

Step 2. The states of the reference model [Eqs. (2a) and (2b)] and
integral gains [Eq. (6b)] are calculated at t = tQ + Af, where Af is
the controller sampling time interval.

Step 3. Control forces Up[to] are applied while the equations of
the actual structure are integrated to t = tQ + Af.

Note that the velocities of the actual plant and the control forces
calculated in step 1 are kept fixed during steps 2 and 3. In this
way the digital effects of the controller on the actual system are
simulated. The integration process was a third-order Euler implicit
scheme with Newton iteration, selected for achieving good accuracy
at low computational cost.

Suspended-Mass Example
Model of Physical System

MRAC is applied to the suspended-mass system shown in Fig. 2.
The mass is suspended by four equal-length wires 0.025 in. in di-
ameter. These wires are connected to the mass and the supporting
structure with -f^-in. eye-screws that are used to adjust the tension
in the wires. The base of the support structure is an aluminum plate
(24 x 24 x 3/8 in.) connected to the wires by four right-angle steel
connectors. The analytical model of this system is a standard spring-
mass-damper system, where the spring constant k is proportional to
the tension in the wires. The equation of motion for the system is

mx(t) + cx(t) + kx(t) = u(t)

and the state-space representation is

1.0 <] pip 1 , f £ 1o JUrLoJ

(9)

(10)

where x\p and x2p are velocity and displacement, respectively. Using
free response data, the natural frequency was found to be 5.95 Hz,
and inherent damping was estimated to be fp = 0.0006.

Reference Model
The state-space representation of the reference model is similar

to the actual system except the control force is set to zero so that the
reference model follows a free damped response,

x2m 1.0 0.0
Xl

(11)

The behavior of the system is primarily described by its natu-
ral frequency, and differences between the two systems are intro-
duced by varying the natural frequency of the reference model by

Fig. 2 Drawing of the suspended-mass system.
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Controller Turned On

Table 1 Comparison of experimental and analytical maximum force
and total control effort

Time (Sec)

Fig. 3 Experimental velocity response; reference model frequency is
150 % of plant frequency.

±50% in 10% increments. The frequency of the reference model is
calculated as

0.5 <a < 1.5 (12)

where a is a measure of the difference between the natural frequen-
cies of the reference model and the actual system. In addition to the
natural-frequency difference, the reference model has 10% damping
(fw =0.1), whereas the actual system has only 0.06% damping.

Experimental Setup
The experimental system is connected to an IBM AT com-

puter with a digital signal processor (DSP) board (TMS320C30
System Board by Spectrum Signal Processing, Inc.) used to im-
plement the control law. The structure is given an initial dis-
placement (0.013 in.) and then released. Velocity and displace-
ment sensors send information to the DSP board where the ref-
erence model and control gain equations are being integrated [see
Eqs. (1-6)]. The system is allowed to vibrate freely for approx-
imately 2 s (which we will call the settling period), which al-
lows unmodeled high-frequency transients caused by the induc-
tance in the actuator to decay (see Fig. 3). It was observed that
the maximum force was a function of the settling period, so
each test was run at a settling period causing the largest max-
imum force. After this initial settling period, the instantaneous
velocity and displacement of the mass are used as initial condi-
tions for the reference model, and the controller is started. Con-
trol commands are calculated and sent to the actuators, which
apply the required forces to the structure, causing it to behave
like the reference model. The sampling rate for the controller was
500 Hz.

Results
Figure 4 shows velocity responses of the actual system and the

reference model for three values of the reference model frequency
(controller was turned on at t = 0). As expected, MRAC does an
excellent job at forcing the actual structure to follow the reference
model. However, Table 1 shows that increasing the difference be-
tween the reference model and the actual system increases both
the maximum force (Uptmia) and the control effort CE. Defining
the magnification factors as Uptmsai/(Uptma3i)a=i and CE/(CE)a=1,
Fig. 5 shows the magnification factors of these two quantities as
a function of the difference between the reference model and the
structure. Experimentally, Fig. 5a shows that for a — 0.5, Uptms^
is increased by a factor of 4.1, whereas a 50% error on the high
side, (a = 1.5) causes Upyms^ to increase by a factor of 6. The ana-
lytical magnification factors are similar. Figure 5b shows a similar
trend for the total control effort. Experimentally, Fig. 5b shows at
a = 0.5 the control effort is increased by a factor of 8.1, whereas
analytical results show a factor of 9.1 increase. These large mag-
nification factors show that the control effort is sensitive to differ-

Maximum force,

Alpha

0.5
0.6
0.7
0.8
0.9
1.0
.1
.2
.3
.4
.5

Ib
Experiment

0.127
0.102
0.086
0.050
0.034
0.031
0.031
0.041
0.070
0.135
0.186

Control effort,
Ib-s1/2

Theory

0.168
0.131
0.096
0.038
0.026
0.028
0.037
0.060
0.089
0.122
0.162

Experiment

0.0616
0.0399
0.0255
0.0145
0.0088
0.0076
0.0081
0.0117
0.0192
0.0275
0.0367

Theory

0.0854
0.0550
0.0346
0.0134
0.0099
0.0089
0.0106
0.0177
0.0262
0.0353
0.0449

ences between the plant and the reference model. Similar analyti-
cal results were obtained for a more complex structure in Refs. 11
and 12.

The test results presented in Fig. 5a were obtained at a required
damping ratio of 10%. It was also of interest to see what ef-
fect increasing or decreasing the damping in the reference model
would have on the control costs. Experimental results for the ef-
fect of increasing or decreasing reference model damping on max-
imum force when using MRAC are shown in Fig. 6; analytical re-
sults showed similar trends. From this figure it can be seen that,
with no frequency difference between the plant and the reference
model (a = 1), requiring more damping in the reference model
has the expected effect of increasing the maximum force and con-
trol effort. However, when there are substantial differences in fre-
quency between the reference model and the plant (a = 0.5 and
a = 1.5), increased damping has the opposite effect. For ex-
ample, when ex = 1.5, the maximum control force required to
achieve 2.5% damping is 1.5 times larger than required to achieve
20% damping. The increase in control effort is even more dra-
matic, with the control effort required for 2.5% damping being 3.7
times larger than for 20% damping. Similar trends can be seen for
(x = 0.5.

Although this result is somewhat counterintuitive, one possible
explanation follows. For low required damping, the controller adds
energy to force the frequency of the plant to match the frequency of
the reference model and, at the same time, removes energy to provide
the required damping. As required damping increases, the energy
required to force the frequencies to match is reduced, whereas the
energy that must be removed to damp the structure increases only
slightly. The dependence on damping is a useful result in that, for a
given design, if the objective was to reduce the control forces, one
approach likely to be considered would be to reduce the damping
requirements. However, from Fig. 6 it is seen that, when substantial
frequency differences exist, this may have the opposite effect.

Optimizing the Weighting Matrices
As shown above, reasonable differences between the reference

model and the actual plant can cause large increases in the magni-
tude of control effort and maximum force Upims^ required to force
the plant to follow the reference model. It is desirable to minimize
the effect of these differences by varying any available design pa-
rameters in the adaptive control law. In the following section it is
shown that significant reductions in maximum force can be achieved
by optimizing the T and T* matrices. This is demonstrated analyti-
cally and experimentally for the suspended-mass system. However,
improvements in maximum force are meaningful only if they do
not degrade the performance of the MRAC in terms of following
the reference model.

Measure of Fit for Suspended-Mass System
To maintain or improve plant-following performance (fit), it was

necessary to quantify how well the plant follows the reference
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Fig. 4 Comparison of experimental and analytical velocity response: a) unm =
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Fig. 5 Comparison of analytical and experimental factors: a) maximum force magnification and b) control effort magnification.
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Fig. 6 Experimental effect of damping on maximum force for varying amounts of frequency difference.

model. In developing a fit parameter, two types of discrepancies
between the plant and the model were considered. The first was
the commonly used average amplitude difference, and the second
was the less common phase difference between the two time traces.
The advantage of shifting time traces can be understood by study-
ing Fig. 4c. If only the vertical difference between the two damped
sine waves is considered, two waves having the same magnitude,
frequency, and damping ratios but a small phase difference would
appear to have a poor fit when, in reality, the fit is quite good. Ob-
viously, though, there should be some penalty associated with the
need to apply the phase difference to achieve a good fit. Thus, the
measure of fit was defined as

. r r= mm /td L Jio
(13)

where td is the time shift that minimizes the integral of the difference
between the plant velocity Vp and model reference velocity Vm, t0
and tf are the start and stop times of the controller, and rj is a phase
difference penalty factor chosen by the designer. For the suspended
mass, td was found to occur between —0.06 to 0.06 s, and rj was
selected as 0.5 in./s.

Optimization Formulation
From Eqs. (4-6), it can be seen that the only parameters controlled

by the designer are the T and T* matrices. Furthermore, since the
input to the reference model is zero, the fourth row and column
of T and T* have no effect on the controller. Therefore only nine
matrix elements are specified by the designer. Using optimization
for MRAC is limited because the error in any real application is un-
known. In the present application, the optimizer uses a = 0.5,1.5
for limits on the modeling errors. These limits, reflecting 50% dif-
ference in frequency, are substantial, but they may not account for
all modeling errors. Therefore, the designer should realize the opti-
mal design may eventually predict unrealizable improvements. Even
with the suspended-mass system (a very simple structure), this phe-
nomenon is observed. The optimizer is given accurate values for
the upper and lower bounds on the frequency, but other differences
that occur because of the digital implementation are neglected. As
will be seen, the experimental and analytical correlation remains
good for the initial optimal design, but experimental and analytical
correlation is lost as the optimal design evolves. We want to design
the weighting matrices so the control effort is low over the range
of possible frequency differences for the suspended-mass system.
Based on Figs. 7a and 7b we assume the worst case will be either
a = 0.5 or a = 1.5. The optimization problem is formulated as



980 MESSER, HAFTKA, AND CUDNEY: MODEL REFERENCE ADAPTIVE CONTROL

Table 2 Initial and optimal designs for diagonal elements of
T and T* matrices

i
Alpha

1.5

b)

Fig. 7 a) Experimental maximum force and b) experimental fit for
different values of alpha; T = 50[7], 7* = [/].

follows: Find 7, T*, and Fmax to minimize Fmax such that

Si W = /max -/(<* = 0.5) > 0 (14)

£2« = /max -/(<* = L5) > 0 (15)

S3 W = Fmax - Upm(ce = 0.5) > 0 (16)

g*(x) = Fmax - Upm(ct = 1.5) > 0 (17)

The worst fit allowable is /max and was chosen to be 0.06 in. Here
Fmax is the larger of £/p,max(a = 0.5) and Uptmaai(a = 1.5). Note that
^max is both a design variable and the objective function. This device
is used because Fmax takes on the largest of two values and there-
fore is not a smooth function; including Fmax as a design variable
avoids this problem. The optimization procedure (IMSL subroutine
DNOONF, Ref. 13) uses a sequential quadratic programming algo-
rithm and a finite difference gradient. After some experimentation
with step sizes, derivatives of the objective function and constraints
were calculated with a forward difference step size of 10~4.

Optimization Results Using Only Diagonal Elements
As a start, we checked whether the design with scalar matrices

T = 507 and T* = /, obtained by a rough experimental optimiza-
tion for a = 1.0, can be improved for the range 0.5 < a < 1.5. The
matrices T and T* were first defined as T = y\I and T* = y^I,
with YI and 72 as design variables. The initial values for the de-
sign variables were y\ — 50.0, and y2 = 1.0. Table 2, case 1,
shows the optimal design y\ = 14.24 and y2 = 1.143 and com-
pares analytical values with experimental results. The optimizer

Possible
design
variables and
performance
measures

XI
72
7(1,1)
7(2, 2)
7(3,3)
7*(1, 1)
7* (2, 2)
7*(3,3)
£/P,maxb(a = 0.5)
£/p,max(«=0.5)
/b(« = 0.5)
/(« = 0.5)
C/p.maxV = 1.5)
f/p,max(« = 1.5)

/V = 1.5)
/(« = 1.5)

Case 1,
scalar matrices

Initial
design

50.0a

1.0a

1.0
1.0
1.0
1.0
1.0
1.0
0.129
0.161
0.061
0.064
0.185
0.151
0.032
0.028

Optimal
design

14.24
1.143
1.0
1.0
1.0
1.0
1.0
1.0
0.100
0.126
0.060
0.060
0.140
0.128
0.044
0.027

Case 2,
diagonal matrices

Initial
design

1.0
1.0

14.2443

14.244a

14.244a

1.143a

1.143a

1.143a

0.100
0.126
0.060
0.060
0.140
0.128
0.044
0.027

Optimal
design

1.0
1.0

14.244
14.244
14.244
0.996
1.192
1.144
0.100
0.126
0.060
0.060
0.140
0.128
0.044
0.027

aVariable used as design variable in optimization.
b Value obtained experimentally.

Table 3 Initial and optimal designs with
off-diagonal elements of 7 and 7*

matrices: case 3
Possible
design
variables

Xi
X2
7(1,1)
7(1,2)
7(1,3)
7(2, 1)
7(2,2)
7(2,3)
7(3, 1)
7(3, 2)
7(3, 3)
7*(1,1)
7*(1,2)
7*(1,3)
7*(2, 1)
7* (2, 2)
7* (2, 3)
7*(3, 1)
7*(3,2)
7*(3,3)

Initial
design

1.00
1.00

14.244a

0
0
0

14.2443

0
0
0

14.244a

0.9963

Oa

0
Oa

1.192a

0
0
0

1.144a

Optimal
design

1.00
1.00

22.727
0
0
0

8.710
0
0
0

14.284
1.767

-1.408
0

-1.408
1.725

0
0
0

1.265

aVariable used as design variable in optimization.

reduced the analytical Fmax by 20%, while improving the fit slightly.
Experimental results show a 24% decrease in Fmax while preserv-
ing f(a = 0.5) = 0.06 and losing only a small amount of fit at
a = 1.5, f(a = 1.5) = 0.044.

Case 2 allowed 7 and 7* to be general diagonal matrices using
the optimum of case 1 as the initial design. Table 2 shows that the
optimizer changed the diagonal elements of 7*, but neither Fmax
nor / changed significantly. Experimental results showed the same
lack of improvement.

Optimization Results Using Off-Diagonal Elements
Next we evaluated the derivatives of the objective function with

respect to each off-diagonal element in the 7 and 7* matrices for
the optimum design of case 1. The parameters 7*(1, 2) and 7* (2, 1)
have the largest derivatives and thus were selected for inclusion in the
design variables list. Case 3 (Table 3) includes all diagonal elements
of 7 and 7*, and off-diagonal elements 7*(1, 2) and 7*(2, 1) as de-
sign variables. Table 4 shows that by adding these two off-diagonal
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Table 4 Experimental and analytical comparison of the maximum force and fitness (a = 0.5)

Experimental

Case
Initial
design
1
2
3

^rnax
a = 0.5

129
100
100
92

, xlO~3 lb
a = 1.5

185
140
140
191

Fit,
a = 0.5

61
60
60
60

xlO~3in.
a = 1.5

32
44
44
39

^max
a = 0.5

161
126
126
104

Analytical
, xlO-3lb

a = 1.5

151
128
128
105

Fit,
a = 0.5

64
60
60
60

xlO~3in.
a = 1

28
27
27
18

.5

0.15-
—e— Analtyical (0.002)
— e- Analytical (0.001)

0.14 - - ' ' A ' Analytical (0.0005)
—•— Experimental (0.002)
— *- Experimental (0.001)

jj • • A - Experimental (0.0005)

0.09

Fig. 8 Experimental and analytical maximum force for varying sizes
of off-diagonal elements r*(l, 2) and r*(2,1) and sampling rates (a =
1.5).

elements the optimization can reduce Fmax by an additional 18%
without increasing the fit parameters. However, experimentally this
same design increases Fmax(a = 1.5) by 36% from 0.14 to 0.191 Ib.
After some searching for the cause of the discrepancy we identified
the sampling rate as a major contributor. We increased the sam-
pling rate of the DSP board from 500 Hz (0.002 s/cycle) to 1000
Hz (0.001 s/cycle) and finally to 2000 Hz (0.0005-s/cycle). Figure 8
shows maximum force results, at the three sampling rates, for several
designs with increasing off-diagonal elements. For /? = 0, the T and
T* matrices are the optimal design of case 2. As ft increases from 0
to 1, the r*(l, 2) and T*(2, 1) elements are increased linearly until,
at ft = 1, T*(l, 2) = r*(2, 1) = -1.408.

Figure 8 shows that, for of = 1.5, the value of ft where the an-
alytical and experimental t/pjmax begin to diverge increases as the
sampling rate gets higher. For a rate of 500 Hz (0.002 s/cycle) the ex-
perimental trends follow the analytical trends only for ft < 0.1, and
the maximum force is smaller than the ft = 0 case only f or ft < 0.35.
For the 2000-Hz (0.0005-s/cycle) case experimental trends follow
analytical trends for ft < 0.2, and the maximum force is less than
the ft = 0 case for ft < 0.5. The a = 0.5 case shows similar trends
for t/^max.

In Fig. 8, it is observed that almost all the improvement between
experimental and analytical correlation came as a result of improve-
ment in the experimental results. This suggests that the off-diagonal
elements introduce some type of high-frequency motion or con-
trol transients into the system that the analysis does not model.
However, from Fig. 8 it can also be seen that for ft = 0 (zero on
the off-diagonal elements) changing the sampling rate from 500 to
1000 Hz reduced Fmax by 8.4%. This is a significant reduction since
500 Hz was already 41 times the Nyquist frequency. The impor-
tance of the sampling rate can also be seen from Fig. 9, where the
maximum force as a function of T* is plotted for sampling rates of
500 and 2000 Hz. It is seen that the point at which Fmax diverges
can be postponed from T* = 351 to T* = 1107 by increasing the
sampling rate.

2

1

M
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0.4
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0.3
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01

I
Sampling Rate = 500 Hz /-

, /-
| / -

, / /:
/ Sampling Rate^2000JIz____J -

'S~~
60 100 120

Fig. 9 Analytical maximum force for different diagonal T — 18[7],
r* = A[/](a = 1).

0.25

Jg 0.2

0.15

0.1

0.05

~^ Experimental

20 30

Fig. 10 Experimental and analytical effects of damping on the maxi-
mum force (a = 0.5, T and T* from optimal design case 2).

Effects of Required Damping on Optimal Diagonal Design
Because of the previously observed effects that increased damp-

ing had on maximum force as frequency difference between the
reference model and plant increased, it was desirable to check the
optimum design. Optimal values from case 2 were selected for T and
7*, and reference model damping was increased. Figure 10 shows
both analytically and experimentally that the trend to decrease max-
imum force as damping is increased was also seen for the optimal
values of 7 and T*.

Concluding Remarks
The performance of MRAC was studied in numerical simulations

and verified experimentally on a single-degree-of-freedom system
to understand how differences between the plant and the reference
model affect the control effort. Good experimental and analytical
agreement was demonstrated in control experiments, and it was
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found that MRAC does an excellent job of controlling the structure
and achieving the desired performance even when large differences
between the plant and reference model exist. However, for the single-
degree-of-freedom system used in this work reasonable differences
between the reference model and the plant significantly increased
both the required control effort and the maximum required force.
Although the increase in control effort and maximum control force
is not surprising, the size of the increase is.

It was shown that requiring the controller to provide more damp-
ing can actually decrease the required maximum force when dif-
ferences between the plant and reference model exist. This result
is very useful because one of the first attempts to counteract the
increased maximum force due to differences between the plant and
reference model might be to require less damping, which may ac-
tually increase the maximum control force.

Finally, optimization of weighting matrices was found to help
reduce the increase of required control effort. However, eventually
the optimization resulted in a design that required a sampling rate
40-80 times the Nyquist frequency for successful realization.
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